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Formal deduction system

Is a syntactic method for generating new
formulae from given formulae.

e.g.

An axiom system consists of .

logical axioms (e.g. a V7a)
inference rules
(e.g. from a and a -b, infer b)

Note that the logical axioms are true 1n all
truth assignments. They are sometimes
called tautologies.

Note that the inference rules can be used
with consistent substitution.



Formal Proof

A formal proof of F from a set of statements
S in a formal deduction system A is a finite
sequence Fy, Fy, ..., F,, such that

F=F,
and foreach F;, 1 <I<n
Either
1. Fjisalogical axiom of A
2. orK;eS

3. or Fjis generated from previous
members of the sequence using the
inference rules of A.

The existence of a proof of F from S in a
system A 1s denoted by:

S Fa F



An example proof
Axiom system A: logical axioms
={al: P VP, a2: P-P,
al:(PANQ)-P,ad: PN Q) - Q}
inference rules =
{r]l =from a and a -b, infer b,
r2 =1f F 1s a logical axiom, then so is F’,
where F’ 1s obtained from F by
consistent substitution}

S = {sl: patis a student /\ patis a girl,
s2: pat is a girl - pat is human }

Show that S -, patis human

Proof
(1) from a4 and r2, infer:
pat is a student /\ patis a girl
- pat is a girl
(1) from s1, (1), and r1, infer pat is a girl
(i11) from (11), s2, and rl, infer pat is human



Soundness

A formal deduction system A 1s sound iff:

S o Fimplies S = F

Completeness

A formal deduction system A 1s complete
1T
S = Fimplies S +p F

Soundness is an essential property — an
unsound system 1s useless (it can be used
to prove unjustified relationships).

Completeness 1s a preferred property — an
incomplete system can be useful but
cannot prove every logical consequence.



Theories
A theory T 1s a formal system A plus a set
S of formula which are known to be true
in some intended interpretation. These
formula are called the proper axioms of
the theory.
Examples of proper axioms
S = (pat is a man V pat is a woman,

jan is married to pat, etc.

The intended interpretations are those
truth assignments which satisty all of the
proper axioms, €.g.
assignment#1: {pat is a man := True,
pat 1s a woman:= False,
jan 1s married to pat := True)
assignment#2: {pat is a man := False,
pat 1s a woman := True,
jan 1s married to pat := True)



Theorems

A formula F 1s a theorem of a theory T
iff F has a formal proof in T.

Theoremhood 1s denoted by:
THE

Consistency
A theory T 1s inconsistent 1ff for some F:

THF and T+ -F

A theory 1s consistent if 1t 1s not
inconsistent



Automatic Theorem Proving
Resolution theorem proving

1. Covert all propositions to conjunctive
normal form (cnf). For example:

(pV g -t)A(t-s)

=> PV VYA(LVs)
(froma-b=—aVb)
=>(("pA @ VHA(TtVs)
(from ~(aVV b) =(7a /A 7b)
=>(pVOAN(CgVI)A(tVs))
(from distributivity of \VV over /\)

=> (17P, 1}, 17q, t], {7, 8} }
(using clausal notation)



2. Negate the proposition to be proved
convert to cnf, and unite with the cnf
form of the original propositions. For
example to prove (p - s) from the
above , negate to give ~ (p~ s), convert
to 7 (7p V s), then to (p /\ 7s), then to
{{p}, {7s}}, then unite with clauses
from (1) giving:

Hp thiq, t},{t, ship}.{ st}



3. Use the “resolution proof rule” which
cancels matching literals {a,x,y,..} and
{7a, b,c,.} =>{x,y...b,c..}. For
example, from the above:

Hops thiig, th{ 7t shipt.1 st}
=>{{"q, t},{ 7, s},{p}.{ s}, {t}}
=>{{7q, t},{p}.1 s}, {s}}
=>{{"q, t},{p}.{}}

Proof 1s complete because the empty
clause {} has been generated, which
signifies an inconsistency, and therefore
negating the proposition (p - s) to be
proven has lead to an inconsistency, so
the proposition must be a theorem of the
original set of propositions.



