00-100 LECTURE 19

More examples of induction



Mathematical 1nduction

Prove t hat
O+1+2+..n=(N"2+ n)/2

for all nats 0,1, 2, 3,4..

BASE CASE et n =0
O+.. 0=0and (002 +0)/2 == 0
| NDUCTI VE STEP
ASSUME TRUE FOR k
O+1+2+ .. k=(k2+Kk)/2
SHOW TRUE FOR k + 1
O+1..+k + (k + 1)

=((k+1°2 + (k +1))/2



HONto prove the foll ow ng
usi ng the assunpti on:
O+1..+k + (k + 1)
=((k +1)"2 + (k + 1))/2
Cut the assunption out:
renove | hs of assunption froml hs:
gives (k + 1)

Now expand rhs gives

(k"2 + 2k + 1 + k +1)/2
renove rhs of assunption gives
(2k + 2)/2 => k + 1

whi ch equal s the I hs, proof conplete.



PROVE t hat
1 +2n =< 3 n (for all n 0,1, 2,3,4..)

BASE CASE et n = 0
1 + 0 =<1 True

| NDUCTI VE STEP
ASSUME TRUE FOR k
1 + 2k =< 37k
SHOW TRUE FOR k + 1
1 + 2(k +1) =< 3 (k + 1)



HONto prove the foll ow ng
usi ng the assunpti on:
1 + 2(k +1) =< 3 (k + 1)

Expand to find the assunption
=> 1 + 2k + 2 =< 3 * 3k
=> 1+ 2k + 2 =< 3’k + (2 * 37 k)

renpve assunption

=> 2 =< 2 * 37k

True because k nust be at |east O
FI ni shed



Consi der the reverse program

rev [ =[]

rev (X:Xs) = rev Xs ++ [X]
Prove rev (m++ n) =revn ++ rev m
Can use "Structural 1 nduction”

on the length of the |ist but
need sone 1dentities on lists:

[] ++ Kk = k
kK ++ [] = k
(y:ys) ++ k = y:i(ys ++ k)



Proof of rev (m++ n) =rev n ++ rev m
BASE CASE m = []
rev ([] ++ n)

=>rev n (from ++)

=>rev n ++ [] (from ++)

=>rev n ++ rev [|] (fromdefn of rev)

| NDUCTI VE STEP
Assune rev (a ++ n)
Show rev ((x:a) ++ n)

rev n ++ rev a
rev n ++ rev (X:a)

How

rev ((x:a) ++ n)

=> rev (xX:(a ++ n)) (from ++)

=>rev (a ++ n) ++ [X] (fromdefn of rev)

=>rev n ++ rev a ++ [x] (from assunption)
=>rev n ++ rev (x:a) (fromdefn of rev)



